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Abstract. The factorization homology of topological manifolds, after Beilinson & Drinfeld and 
Lurie, is a homology-type theory for topological n-manifolds whose coefficient systems are n- 
disk algebras. In this work we prove a precise formulation of this idea, giving an axiomatic 
characterization of factorization homology in terms of a generalization of the Eilenberg-Steenrod 
axioms for singular homology. These homology theories give rise to a specific kind of topological 
quantum field theory, which can be characterized by a condition that observables can be naturally 
defined on general n-manifolds, not only closed n-manifolds, and that global observables are 
determined by local observables. This axiomatic point of view has a number of applications, some 
in joint work with David Ayala & Hiro Lee Tanaka, surveyed in the remainder of this article. 
In particular, we discuss the nonabelian Poincare duality of Salvatore and Lurie; the relation 
of Koszul duality of ra-disk algebras with factorization homology; calculations of factorization 
homology for free n-disk algebras and enveloping algebras of Lie algebras. 
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1. Introduction 

Factorization homology, or the topological chiral homology of Lurie |L2] , is a homology theory for 
topological manifolds. This short work makes this statement precise, provides basic consequences 
afforded by this point of view, and outlines some subsequent and future work. The subject of 
factorization homology has only recently been studied in detail, but it has important roots and 
antecedents. Firstly, it derives from the factorization algebras of Beilinson & Drinfeld [BDj . a 
profound and elegant algebro-geometric elaboration on the role of configuration space integrals 
in conformal held theory. Our work is in essence a topological version of theirs, although the 
topological setting allows for arguments and conclusions ostensibly unavailable in the algebraic 
geometry. Secondly, it has an antecedent in the labeled configuration space models of mapping 
spaces dating to the 1970s; it is closest to the models of Salvatore [Si] and Segal }Se3j . but see also 
[K] , [Bo] , |Mcj . [M] , and [Selj . Factorization homology thus lies at the broad nexus of Segal's ideas 
on conformal field theory |Se2j and his ideas on mapping spaces articulated in [Selj and |Se3) . 
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In keeping with these two directions, we offer two primary motivations for the study of factor- 
ization homology. Returning to our first point, factorization homology is a homology theory for 
topological manifolds satisfying a generalization of the Eilenberg-Stcenrod axioms for ordinary ho- 
mology; as such, it is a generalization of ordinary homology which can exist by allowing a theory to 
only give values for n-manifolds but not necessarily for all topological spaces. Second, these homol- 
ogy theories define topological quantum field theories. These theories have a particular motivation 
from this origin in mathematical physics; they correspond to n-dimensional field theories whose 
observables can be defined on all n-manifolds, not only closed n-manifolds, and where the global 
obscrvables are determined by the local observables. 

We first elaborate on the homology theory motivation, which serves as the main artery running 
through this work. One can pose the following question: what can a homology theory for topological 
manifolds be? Singular homology, of course, provides one answer. One might not want it to be the 
only answer, since singular homology is not specific to manifolds and can be equally well defined 
for all topological spaces; likewise, it is functorial with respect to all maps of spaces, not just those 
that are specifically meaningful for manifolds (such as embeddings or submersions). One could 
thus ask for a homology theory which is specific to manifolds, not defined on all spaces, and which 
might thereby distinguish manifolds which are homotopic but not homeomorphic and distinguish 
embeddings that are homotopic but not isotopic through embeddings. That is, one could ask for a 
homology theory for manifolds that can detect the more refined and interesting aspects of manifold 
topology. The question then becomes, do such homology theories exist? 

One might address this question by first making it more precise, by defining exactly what one 
means by a homology theory for manifolds; since we know what a homology theory for spaces 
constitutes, by the Eilenberg-Steenrod axioms, one might simply modify those axioms as little as 
possible, but so as to work only for manifolds and with the maximum possibility that new theories 
might arise. 

Reformulating the Eilenberg-Steenrod axioms slightly, one can think of an ordinary homology 
theory T as a functor Spaces fln — » Ch from the topological category of spaces homotopy equivalent 
to finite CW complexes to the topological category of chain complexes satisfying two conditions: 

• The natural map 7 T{X a ) — > X a ) is an equivalence for any finite set J; 

• Excision: for any diagram of cofibrations of spaces X' ^ X ^ X", the resulting map 



is a quasi-isomorphism of chain complexes. 

The first condition can be restated as saying that the functor T is symmetric monoidal with 
respect to the disjoint union and direct sum. Let H(Spaces, Ch ffi ) the collection of such functors. 
The Eilenberg-Steenrod axioms can then be reformulated as follows. 

Theorem 1.1 (Eilenberg-Steenrod). Evaluation on a point, ev* : H(Spaces, Ch ffi ) — > Ch, defines 
an equivalence between homology theories valued in chain complexes with direct sum and chain 
complexes. The inverse is given by singular homology, the functor assigning to a chain complex V 
the functor C*(— ,V) of singular chains with coefficients in V. 

In particular, given any such homology theory J 7 , T is equivalent to the functor of singular chains 
with coefficients in a chain complex V, J- ~ C*(— , J 7 (*)), where .F(*) is the value of J 7 on a single 
point. Further, every natural transformation of homology theories T — > T' is determined by the 
map J"(*) — > J 7 '^*). 

To adapt this definition to manifolds, we make two substitutions: 

(1) We replace Spaces fm with Mfld„, the collection of topological n-manifolds, not necessarily 
closed, with embeddings as morphisms. 

(2) We replace the target Ch® by a general symmetric monoidal oo-category C®. 
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We can then define H(Mfld„, C®) as consisting of all symmetric monoidal functors from Mfld„ to C 
which satisfy a monoidal version of excision. We then have the following analogue of the Eilenberg- 
Steenrod axioms, for C® a symmetric monoidal oo-category satisfying a technical condition, see 
Definition EHl 

Theorem 1.2. There is an equivalence between homology theories for topological n-manifolds valued 
in C® and n-disk algebras in C® 

J : Disk„ -alg(C®) H(Mfld„, C®) : ev K „ 

and this equivalence is implemented by the factorization homology functor J from the left, and 
evaluation on R™ from the right. 

The n-disk algebras appearing in the theorem are equivalent to the f^-algebras of Boardman & 
Vogt [BY together with an extra compatible action of the group of automorphisms of R™. Thus, at 
first glance, this result appears different and more complicated than the Eilenberg-Steenrod axioms 
because instead of having C, we instead have n-disk algebras in C. This can be explained because the 
object R™ has more structure than the point; for instance, automorphisms of R™ form an interesting 
and noncontractible space, whereas the automorphisms of a point is just a point. Nonetheless, 
our result does specialize to that of Eilenberg & Steenrod, as we shall see in Example 13.121 In 
particular, in the example C® = Ch®, these n-disk algebras are equivalent to just chain complexes 
with an action of the automorphisms of R™, and these homology theories are then just ordinary 
homology twisted by the tangent bundle. 

This result has a number of immediate applications and leads to new proofs of known results. 
For instance, it gives a one line proof that factorization homology of the circle, in the case C® 
is chain complexes with tensor product, is Hochschild homology. It also gives a new and short 
proof of the nonabelian Poincare duality of Salvatore |S1| and Lurie |L2) . We give further results 
and computations in Sections 4 & 5. These include a number of results that make no specific 
reference to factorization homology. For instance, we are able to conclude from several factorization 
homology computations that suspension spectra of configurations spaces form a homotopy invariant 
of closed topological manifolds (Theorem 15.211) ; the bar construction of a free Disk^-algebra is the 
free Disk'[_ ^algebra on the suspension fProposition l5 . 1 1] ) : the Hochschild homology of an enveloping 
algebra of a Lie algebra Ug is dual to the Hochschild homology of the Lie algebra cohomology Cy e g 
(Theorem [522). 

The second motivation for factorization homology comes from mathematical physics. In the 
various axiomatics for topological quantum field theory after Segal |Se2j . one restricts to compact 
manifolds, possibly with boundary; the locality of a quantum field theory is then reflected in the 
functoriality of gluing cobordisms. However, it is frequently possible to define a quantum field 
theory on noncompact manifolds, such as Euclidean space, given a choice of Lagrangian. Since 
there are more embeddings between general noncompact manifolds than between closed manifolds, 
one might then expect the axiomatics of this situation to be slightly different were one to account 
for the structure in which one can restrict a field, or extend an observable, along an open embedding 
M ^ M' . 

Our notion of a homology theory for manifolds is thus simultaneously an attempt to axiomatize 
the structure of the observables in a quantum field theory which is topologically invariant - here 
the <g)-excision of the homology theory becomes a version of the locality of the field theory - and 
Theorem 13.101 becomes an algebraic characterization of part of the structure of such quantum field 
theories. There is another characterization of extended topological field theories, namely the Baez- 
Dolan cobordism hypothesis, Lurie's proof of which is outlined in |L3j . building on earlier work with 
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Hopkins, and these two characterizations are comparable. That is, there is a commutative diagram: 



DisC-alg(C°)~ (Alg„(C«)~)° (r ' 

/ 

H(Mfld s n m ,0~ ^Fun«(Bordr.Alg„(i' !! 



We briefly explain the terms in this picture: Disk^ m and Mfld^ m are the oo-categories of smooth 
n-disks and n-manifolds with smooth embeddings; Bord^ m is the (oo, n)-category of smooth bor- 
disms of manifolds from |L3j : and Alg n (C®) is the higher Morita category, where fc-morphisms 
are Disk^L fc -algebras in bimodules; the superscript ~ denotes that we have taken the underlying 
oo-groupoids, restricting to invertible morphisms. The bottom horizontal functor from homology 
theories valued in C to topological quantum field theories valued in Alg n (C®), H(Mfld^ m , C®)~ 
Fun® (Bord^ m , Alg n (C®)), assigns to a homology theory T the functor on the bordism category send- 
ing a fc-manifold M to F(M° x R"- fc ), the value of I on a thickening of the interior of M. 

Our characterization of homology theories can thereby be seen as an analogue of the cobordism 
hypothesis for the observables in a topological quantum field theory where one allows for noncompact 
manifolds and a strong locality principle by which local observables determine global observablesQ 
Not all topological field theories come from such homology theories, and the question of which do and 
do not is an interesting one. Costello & Gwilliam use closely related ideas in studying more general 
quantum field theories which are not topologically invariant, and the setting of their work suggests 
that perturbative quantum field theories are exactly those amenable to this characterization; see 
|CGj and }Gwj . The structure of observables of a topological quantum field theory which is not 
perturbative is better characterized by a generalization of factorization homology with coefficients 
given by a stack over n-disk algebras [Flj . e.g., an algebraic variety X whose ring of functions Ox 
is enhanced to have a compatible structure of an n-disk algebra. 

Factorization homology and related ideas have recently become the subject of closer study; in 
addition to Lurie's originating work, see |L2j and )L3j . and Costello & Gwiliam [CG , see also 
[A] . |GTZ2j . |Gwj . and |MWj . We expect the theory of factorization homology to be a source 
of interesting future mathematics and to carry many important manifold invariants. Especially 
fertile ground lies in low-dimensional topology, in the study of 3-manifold and knot invariants, 
where invariants stemming from the homology of configuration spaces are already prevalent. This 
is a source of work with Ayala & Tanaka in |AFT) , where we construct factorization knot homology 
theories from a 3-disk algebra with extra structure, and with Costello [CFj . where we express certain 
finite-type knot and 3-manifold invariants in terms of factorization homology. 

It is a compelling general question as to how much of manifold topology can be captured by 
factorization homology; this question is closely related to the Goodwillie- Weiss manifold calculus 
|Wj . Factorization homology of M is determined by an object Em, the presheaf of spaces on n-disks 
determined by embeddings into M, which is an a priori weaker invariant of M than M itself. Em 
encodes the homotopy type of M, the homotopy type of all higher configuration spaces Confy(M) 
of M, and the tangent bundles TConfi(M), as well as coherence data relating these, and it would 
be very interesting to know when this is sufficient to reconstruct M. 

Remark 1.3. In this work, we use Joyal's quasicategory model of oo-category theory [Joj . Boardman 
& Vogt first introduced these simplicial sets in |BVj . as weak Kan complexes, and their and Joyal's 
theory has been developed most recently in great depth by Lurie in [Llj and [ L2] , our primary 
references; see the first chapter of [Llj for an introduction. We use this model, rather than model 



There is a slight, but interesting difference, in that the homology theory characterization applies successfully 
to topological manifolds (as well as piecewise linear or smooth), whereas the cobordism hypothesis requires that 
the manifolds involved have at least a piecewise linear structure; the absence of triangulations for nonsmoothable 
topological 4-manifolds appears as a genuine obstruction. 
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categories or simplicial categories, because of the great technical advantages for constructions in- 
volving categories of functors, which are ubiquitous in this work. The reader uncomfortable with 
this language can substitute the words "topological category" for "co-category" wherever they oc- 
cur in this paper to obtain the correct sense of the results, but they should then bear in mind the 
proviso that technical difficulties may then abound in making the statements literally true. The 
reader only concerned with algebra in chain complexes, rather than spectra, can likewise substi- 
tute "pre-triangulatcd differential graded category" for "stable oo-category" wherever those words 
appear, with the same proviso. 
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for their great influence in shaping my thinking of this subject. I also thank Gregory Ginot and 
Owen Gwilliam for helpful conversations and Pranav Prandit for comments on an earlier draft of 
this paper. 



2. B-FRAMED DISKS AND MANIFOLDS 

We now specify the details of our basic objects of study, n-manifolds. 

Definition 2.1. Mfld^ is the symmetric monoidal oo-category associated to the topological cate- 
gory of topological n-manifolds which have finite covers by Euclidean spaces0 with embeddings as 
morphisms and monoidal structure given by disjoint union. 

That is, the mapping space is Map Mf | dre (M, N) = Emb(M, N), the space of embeddings of M into 
N equipped with the compact-open topology. Note that disjoint union is not the coproduct; Mfld„ 
has almost no nontrivial colimits, except possibly certain geometric realizations. 

We will be particularly interested in n-manifolds with some extra structure, such as an orientation 
or a framing, which we formulate as follows: let B be a space with a map B — > BTop(n) to the 
classifying space of the topological group of homeomorphisms of R n . Recall that for M an n- 
manifold of dimension n, M has a tangent microbundle, see [MS] : the microbundle is classified by 
a map tm : M — > BTop(n). 

Definition 2.2. The oo-category Mfld^ of £?-framed topological n-manifolds is the limit making 
the following diagram Cartesian: 

Mfldf ^ Spaces /B 



Mfld„ Spaces /BTop(n) 



Thus, any M G Mfld n has finitely many connected components, each of which is the interior of a compact 
manifold with (possibly empty) boundary. This size restriction is not an essential requirement; since all noncompact 
manifolds are built as filtered colimits of such smaller manifolds, this smallness condition could be removed and one 
could instead add to Definition 13.41 the requirement that a homology theory preserves filtered colimits. 
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In particular, for two f?-framed manifolds, M and N, the space of £>-framed embeddings of M 
to N is the homotopy pullback 



Emb B (M, N) 



Map /B (M,N) 




a map M — > N and a homotopy between the two resulting maps from M to X. 

The following assures us that these spaces of embeddings have tractable homotopy types. 

Lemma 2.3. A B-framing r o/l" determines a homotopy equivalence Emb B (R™,R") ~ fl T B of 
topological monoids, where Q T B is the loop space of B based at the homotopy point r : R™ — > B. 

Proof. By definition, the space Emb B (R™, K n ) sits in a homotopy pullback square: 



Emb(R™, R") is a homotopy equivalence. The map defined by the bottom row is a homotopy inverse 
to this map, therefore it is a homotopy equivalence. The top horizontal map in the diagram is 
therefore the pullback of a homotopy equivalence, and thus it is also a homotopy equivalence. □ 

Definition 2.4. The symmetric monoidal oo-category Disk^ is the full oo-subcategory of Mfld^ 
whose objects are disjoint unions of B-framed n-dimensional Euclidean spaces. 

Remark 2.5. If B is a connected space, then Disk^ is equivalent to the PROP associated to an operad, 
defined as follows: first, choose a B-framing of R™. Define the space Disk„ (I) = Emb (]j J R™,R n ) 
of B-framed embeddings of rt-disks. Given a surjection of finite sets J — > I, the usual insertion 
maps Disk^(I) x Y\ iGl Disk^(Ji) — > Disk^(J) give {Disk^(/)} an operad structure. The oo-category 
Disk,^ is equivalent to the PROP associated to this operad if B connected, otherwise it contains this 
PROP as a full oo-subcategory. 

Example 2.6. Consider * — > BTop(n), the basepoint of BTop(n). An ^-structure on an n-manifold 
M is then equivalent to a topological framing of the tangent microbundle tu of M @ and we denote 
the associated oo-category of framed n-disks as Disk^ r . Disk^ is homotopy equivalent to PROP 
associated to the £ n operad of Boardman-Vogt |BV] , because there is a natural homotopy equivalence 
£„ (I) ^> Emb fr (]J J M™, K"), the inclusion of rectilinear embeddings as framed embeddings. 

Example 2.7. For B — BO(n), with the usual map BO(ri) — > BTop(rt), the oo-category of topo- 
logical n-disks with BO(n)-framings is equivalent to the oo-category of smooth n-disks and smooth 
embeddings, D\sk™ ~ Disk^ 0(n) . These are both equivalent to the PROP associated to the unori- 
ented version of the ribbon, or "framed," £ n operad; see |SWj for a treatment of this operad. These 
equivalences are a consequence of the natural maps 0(n) — > Emb sm (R n ,R") -> Emb B0( ™ ) (R™, R") 
being homotopy equivalences. 



By smoothing theory, framed topological manifolds are essentially equivalent to framed smooth manifolds, ex- 
cepting dimension 4. 



Emh"(R n ,R™) 



Map /B (R",R") 
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3. Homology theories for topological manifolds 



Factorization homology is defined for general manifolds by factorizing the manifolds into disks, on 
which the values is prescribed. Recall the inclusion of symmetric monoidal oo-categories Disk^ <-} 
Mfld^, of B- framed n-disks into all B- framed n-manifolds, where the morphism spaces are given by 
£>-framed embeddings. 

Definition 3.1. Let B — > BTop(n) be as above, and let C be a symmetric monoidal co-category 
Then Disk,f -alg(C®) := Fun®(Disk^,C®) is the co-category of Disk^-algebras in C. 

We will frequently make use of the following requirement for our target. 

Definition 3.2. A symmetric monoidal co-cateogory C® satisfies condition (*) if both of the fol- 
lowing are true: 

• C contains small colimits. 

• The monoidal structure is compatible with geometric realization and filtered colimits, i.e., 
C ® — commutes with colimits of simplicial and filtered diagrams for every object C G C. 

With this setting, we now give a construction of factorization homology. Recall that a Disk^- 
algebra A in C is a symmetric monoidal functor A : Disk n — > C, so that there is an equivalence 
j4(JJjK") ~ A(R n )® 7 . Let M be a £?-framed topological n-manifold. M defines a contravari- 
ant functor E M ■ Diskf' op -> Spaces, given by E M (U/ R ™) = Emb s (TJ / R™, M), i.e., E M is the 
restriction of the Yoneda embedding of M to the co-subcategory of disks. 

Definition 3.3. Let C be a symmetric monoidal co-category which has small colimits. Given 
B — > BTop(n), let A be a Disk^-algebra in C, and let M be a topological n-manifold with structure 
B. The factorization homology of M with coefficients in A is the homotopy coend of the functor 
Ejtf <g> A : Disk^ op x Diskf Spaces xC ^ C: 

A := E M ® A. 

JM Diskf 

We now give our second main definition of this paper, that of a homology theory. First, note 
that Cartesian product defines a functor Mfld^_ 1 x Mfld^ — > Mfld^, where 

Mfld ? f_ 1 = Mfld„_i x Spaces /B 

Spaces /BTop(n) 

is the co-category of (n — 1 )-manifolds with a _B-framing on the product of their tangent bundle 
product with a trivial line bundle. Consequently, any B-framed n-manifold of the form Mo x M, 
where Mo is an (n — 1 )-manifold, can be given the structure of a Disk^-algebra in Mfld^, since R has 
the structure of Disk^-algebra in Mfld^. Likewise, if N is a i?-framed n-manifold with boundary dN, 
then the collar-extension NUqn dN x M>o admits the structure of a right (or left) dN x M- module 
in Mfld^ - see |F2] and [AFT] for a further elaboration on this structure. 

Definition 3.4. A symmetric monoidal functor T : Mfld^' u —> satisfies <g)-excision if the natural 
map T(M') <8>_f(m xR) .F(Af") — > F{M) is an equivalence for every decomposition of a _B-framed 
manifold M along a codimension-f submanifold 

M ^ M' U M". 

M xR 

The co-category of homology theories for i?-framed n-manifolds valued in C®, H(Mfld^, C 18 ), is the 
full co-subcategory of Fun® (Mfld^, C®) consisting of functors that satisfy CS)-excision. 

Remark 3.5. The notion of a homology theory with coefficients depends critically on the symmetric 
monoidal structure chosen on C. For instance, for Mod®, with the direct sum monoidal structure, 
a homology theory is forced to be ordinary homology; for Mod®, the resulting homology theories 
behave very differently. 

7 



Remark 3.6. One can complete the oo-category Mfld^ by adjoining, for every codimension-1 decom- 
position as above, the geometric realization of Bar.(M',Mo X R, M"), then Dwyer-Kan localizing 
by forcing the natural map from this new object Bar.(M', Mq x R, M")\ M to be equivalence. 

Call this new completion of the oo-category of manifolds to be Mfld^. A ®-excisive functor can 

alternatively be described as a symmetric monoidal functor Mfld,^ — > C that preserves geometric 
realizations of simplicial objects. 

The following technical lemma is the crux of the results of this section. We refer to |AFT] or |F2j 
for the proof. Let C satisfy condition (*). 

Lemma 3.7. Factorization homology satisfies ®-excision. That is, for any Disk^ -algebra A in C, 
and for any decomposition M = M' Um xR M" , there is a natural equivalence: 

A^j A f A 

M JW r JM" 

A 

M xR 

Remark 3.8. Briefly, we give the essential ideas for the two proofs of this result. The idea of 
|F2) is that one might imagine that the functor J A preserves geometric realizations. Since M 
is the geometric realization in Spaces of the simplicial object Bar.(Af',Mo x R,M") computing 
the coproduct M' Ua/ oX r M" , one would then obtain that f M A is equivalent to the geometric 
realization of the simplicial object Bar.(J M , A, / M xR A, J M „ A). But this computes the relative 
tensor product j M A ~ j M , A 0j ^ A J M „ A, which would give the result. However, while M is 
this geometric realization in Spaces, but it is not necessarily true that is the geometric realization 
in Mfld^, where colimits are different (and do not exist, in general)0 One can fix this argument 
by applying E, because Em is the geometric realization of Bar,(Ej\//,EM„xE,EM")i an d / A does 
preserve geometric realizations when viewed as a functor / A : Fun(Disk^° p , Spaces) ->• C. 

The gist of the proof of [AFT] is more conceptual. The essential idea is twofold. First, factor- 
ization homology can be pushed forward, Thus, given a choice of map it : M — > [0, 1], then one can 
compute J M A as Jj ^ J w A, where J w A is a Diskf -algebra, and we chose ir for which 7r -1 {0} = M', 

7r _1 {l} = M", and 7r" 1 (0,l) = Mo x R. Second, factorization homology over a closed interval is 
given by the two-sided bar construction, which can be shown by direct comparison of the simplicial 
objects involved. 

We give the following n — 1 example to give a sense of the usefulness of excision as well as 
some intuition about how factorization homology behaves. First, recall the equivalence Alg(C®) ~ 
DiskJ-algCC®), a consequence of the contractibility of Emb fr (K,R). See |L2j for a different proof. 

Corollary 3.9. For A an associative algebra, there is an equivalence j sl A ~ HH*(A) between the 
factorization homology of the circle with coefficients in A and the Hochschild homology of A. 

Proof. We have the equivalences 



f A~ [ A (g) / A~ A (g) A~ HH,(A). 

JS 1 JR P J:: A®A°p 



A 

S°xR 



□ 



We give the following characterization for factorization homology, the central conceptual result 
of this paper. 



In fact, such a statement would imply convergence of the Goodwillie- Weiss tower of embeddings. 
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Theorem 3.10. For C a symmetric monoidal oo-category satisfying condition (*), there is an 
equivalence 



J : Diskf -alg(C®) izzs: H(Mfld£ ,C®) : ev R „ 



between Disk^ -algebras in C and homology theories of B- framed n-manifolds with coefficients in C. 
This equivalence is implemented by the factorization homology functor J , and evaluation on R™. 

Proof. The counit of the adjunction Disk^ -alg(C®) ^ Fun® (Mfld^, C®) defines, for any symmetric 
monoidal functor J 7 , a natural map J A — > J-, where A = T(M. n ) is the Disk n -algebra defined by the 
value of J- on R™. 

Since both T and J A are symmetric monoidal and agree on R™, the map J M A —> J-(M) is an 
equivalence for M isomorphic to a disjoint union of Euclidean spaces, M = ]j 7 R n . By induction, 
we can now see that the values of T and J A agree on thickened spheres S k x R n_fe , the base case 
of k = just having been shown. In the inductive step, assume the result for S x R n— Since 
S l x R n_t can be decomposed along the thickened equator S* 1-1 x R™ _1+1 , we obtain the equivalence 
Jgi^^-i A ~ J 7 (S l x R™~ 4 ) via the intermediate equvialences 

A~ / A (S?) / A ~ J"(Rj,xR' M ) 6?) J"(M'i xK™ - ' 1 ) ~ /(S'xM 3 ) 



_l XK „_ i+ l 



where the first equivalence is by the excision property of factorization homology, and the last equiv- 
alence is by the assumption that T is & homology theory. 

We now restrict to the case of B-framed n-manifolds where n is not equal to 4. By the handlebody 
theory for topological manifolds, |KS] for n > 5, [Q] for n — 5, and [Mo] for n = 3, all such 
manifolds admits a handle decomposition. We now prove the result outside dimension 4 by induction 
on the handle decomposition. The base case is assured. To verify the inductive step, let M be 
obtained from Mq by adding a handle of index q + 1. Therefore M can be expressed as the union 
M = Mq Us 5x in- g R n , where R" is an open neighborhood of the (q + l)-handle in M. The values 
T and J A agree on the three constituent submanifolds of M, and they both satisfy excision, so the 
values J-(M) ~ J M A are equivalent. 

This leaves the case of topological 4-manifolds, which do not admit handle decompositions in 
general. However, any topological 4-manifold M admits a smooth structure on the complement 
M \ {x} of a point x G M, [Q]. Consequently, M \ {x} admits a handle decomposition, which can 
be constructed from any Morse function on M \ {x}, and the preceding argument thereby implies 
the equivalence J-~(M \ {x}) ~ Xvf x { x } A. Applying the excision property to the decomposition 
M = M \ {x} Ugn-i xR 1™, since T and J A agree on the constituent submanifolds, we obtain the 
equivalence J~(M) ~ J M A. Therefore every homology theory T for n-manifolds is equivalent to 
factorization homology with coefficients in .F(R"). 

□ 

Remark 3.11. There is an analogous theorem available for manifolds with boundary proved in [AFTj . 
where one considers embeddings that map the boundary of the source manifold into the boundary 
of the target manifold: e.g, Disk^ -alg(C®) ~ (Mfld^,C®), where Diskj^ has as objects finite disjoint 
unions of R n and R>o x R" _1 . These algebras are equivalent in general to B-framed versions of the 
Swiss-cheese operad introduced by Voronov in jV] . 

The following example demonstrates how factorization homology specializes to the case of usual 
homology: 

Example 3.12. Let C® be either the oo-category of chain complexes or of spectra equipped with the 
direct sum monoidal structure. Since every object V has a canonical and essentially unique map 
V © V — > V, there is an equivalence Disk^ -alg(C®) ~ C. The factorization homology of a framed 
n-manifold M with coefficients in a complex V is then equivalent to J M V ~ C*(M, V), or Y,^M®V 



for spectra, the stabilization of M smashed with V. There is a natural functor lim Mfld^ — » Spaces'" 1 , 
and this functor is an equivalence because: it is fully faithful since lim fc Emb fr (M xR^iVx R fc ) -> 
Map(M x K°°, N x ~ Map(M, N) is a homotopy equivalence for every M and N; it is essentially 
surjective since every finite CW complex X can be embedded into K m for m sufficiently large, and 
thus it is homotopy equivalent to a framed n-manifold, an open tubular neighborhood. Theorem l3.10l 
thereby specializes to the formulation of the Eilenberg-Steenrod axioms given in the introduction. 
If one uses C to be opposite Ch op , then one likewise recovers the Eilenberg-Steenrod axioms for 
cohomology. 

To this point, we have worked with topological manifolds and embeddings with the compact-open 
topology, but other choices could have been made, for instance, to work with smooth manifolds, or 
not to have regarded the embeddings spaces as discrete; we now make several remarks as to how 
these alternate choices would have played out. 

Remark 3.13. One could replace the oo-category of topological rt-manifolds and embeddings with 
that of smooth n-manifolds and smooth embeddings, Mfld^ m , or piecewise linear n-manifolds and 
piecewise linear embeddings, Mfld„ , and the above theorem still holds. The proof, in fact, is 
even simpler, as the existence of handlebody structures is much easier than the case of topological 
manifolds. However, a consequence of smoothing theory |KS] is an equivalence 

Mfld^ ~ Mfld^ 0(n) 

between smooth n-manifolds and BO(n)-framed topological n-manifolds, so long as n is not equal 
4, so nothing new is obtained by considering smooth or piecewise linear manifolds rather than 
i?-framed topological manifolds. In the case of smooth 4-manifolds, there is still an equivalence 
Disk^" 1 ~ Disk^ *- 4 - 1 , and so combining the smooth and topological versions of Theorem 13.101 gives an 
equivalence 

H(Mfld 5 „ m ,C®) ~ H(Mfldf 0(4) ,C®) 
between homology theories for smooth 4-manifolds and homology theories for BO(4)-framed topolog- 
ical 4-manifolds. Since the BO(4)-framing on the tangent microbundle is only a very weak measure 
of a smooth structure in dimension 4 (e.g., there is a single BO(4)-framing of E 4 , in contrast to the 
uncountably many smooth structures), consequently this form of factorization homology is not a re- 
fined invariant of smooth 4-manifolds. One may, however, modify this theory by adding Riemannian 
structures to the 4-disk algebras, which we will pursue in a future work. 

We have chosen to work to this point with Mfld„, where the morphism spaces Emb(M, N) have 
the compact-open topology; a consequence of putting this topology on the spaces of embeddings 
is that an isotopy equivalence (i.e., an embedding ipo : M TV for which there is an isotopy 
through embeddings ipt ■ [0, 1] X M — )• JV with ipi a homeomorphism) is an equivalence in Mfld n . 
This essentially characterizes our use of Mfld„. That is, we can formulate an equivalent version of 
everything we have done in which Emb(Af , N) is instead regarded as a set with the discrete topology. 
Denote by Mfld n the discrete oo-category of n-manifolds, the nerve of the ordinary category of n- 
manifolds whose horns are the discrete sets of embeddings, and Istpy the subcategory consisting of 
isotopy equivalences. Given an n-manifold M and a symmetric monoidal functor A : Disk,^ — > C, we 
define the factorization homology J M A as before, as the coend J M A := E M (^Disk- 5 A. 

Theorem 3.14. There is a commutative diagram of equivalences 

Disk* [Istpy" 1 ] -alg(C®) H(Mfk< [Istpy- 1 ], C®) 

Disk„ -alg(C®) H(Mfld„, C®) 

in which the vertical functors are induced by restriction along Mfld* — > Mfld n and the horizontal 
functors are factorization homology. 
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Proof. The top horizontal equivalence follows from an identical argument to Theorem 13.101 the 
left hand vertical equivalence is proved in |L2j . by calculating that the left Kan extension along 
Disk* — > Disk n is the identity for an isotopy invariant functor. 

□ 

In the subsequent sections, we will be solely concerned with the homology theories of Definition 
13.41 There do, however, exist very interesting functors in Fun® (Mfld„, C®) which do not satisfy the 
C2>-excision property. In |BFN| , we were particularly concerned with one such construction: given a 
stack X over k, one can define a functor Mfld„ — > Stacks — > Modfe given by sending a manifold M 
to the cotensor with X, M ~~» X M , and then taking sheaf cohomology. In the case of the M = S 1 
the circle, this gives the Hochschild homology of X: 0(X S ) ~ HH*(X). As soon as X is nonaffine, 
this construction will generically fail to satisfy ®-excision. While the cotensor only depends on the 
homotopy type of M, as we shall see in Corollarv l5.ll it has a more refined generalization taking as 
input a derived stack defined over n-disk algebras, rather than commutative algebras, as in |F1) . 

Definition 3.15. For a .B-framed n-manifold M and a moduli functor X : Disk^ -alg(C®) — > Spaces 
of B-framed n-disk algebras, the factorization homology of M with coefficients in X is 

X := lim A 
J M AeAff°/ x Jm 

where Aff ~ Disk,f -alg(C®) op is the image of the Yoneda embedding in Fun(Disk^ -alg(C), Spaces). 

From the vantage offered by Costello & Gwilliam in [CG , this generalization of factorization 
homology serves as a candidate for the structure of observables in a topological quantum field 
theory which is not necessarily perturbative, a direction which we will develop in a future work. 

4. Iterated loop spaces and nonabelian Poincare duality 

Applying Theorem 13.101 we offer a slightly different perspective, and proof, of the nonabelian 
Poincare duality of Salvatore |S1] and Lurie |L2j . which calculate factorization homology with coef- 
ficients in iterated loop spaces as a compactly supported mapping space. 

Definition 4.1. For a space B, Spaces B consists of the oo-category of spaces augmented over B. 
The oo-category Spaces^™ is the full oo-subcategory of Spaces B consisting of X — > B for which the 
map is n-connective, i.e., n^X tt^B is an isomorphism for * < n. 

Equivalently, an object X G Spaces^' 1 may be thought of a fibration X — >• B with a distinguished 
section, and such that the fiber X\, is n-connective for every point b G B. 

Definition 4.2. For X G Spaces B and M->Ba space over B, the space of compactly supported 
sections of X over M, T C (M,X), is the subspace of Map/ B (M, X) consisting of those maps that 
equal the distinguished map in the complement of some compact subspace of M. 

Note that r c (— , X) defines a covariant functor Mfld^ — > Spaces, and which is symmetric monoidal 
with respect to the Cartesian product on the co-category of spaces. 

Theorem 4.3. The functor T c : Spaces B — > Fun® (Mfld^, Spaces) identifies 

Spaces!" c H(Mfldf , Spaces) 

n-connective spaces over B as equivalent to the full oo-subcategory of homology theories of B-framed 
manifolds consisting of those homology theories JF for which TToJ-(M. n ) is a group. 

The following is the core technical detail in the proof, that the assignment of compactly supported 
sections is ®-excisive in our sense, provided that the map X — > B is sufficiently connected. The 
fullness of the functor above will then be a parametrized generalization of May's theorem from [M , 
identifying n-connective objects as Disk^-algebras, which is Theorem 5.1.3.6 of |L2j . 
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Lemma 4.4. Let M be B-framed manifold, decomposed along a codimension- 1 submanifold V , 
M = M' Uvxr M" , where V c — >■ M is a closed embedding; let X S Spacesj|" be an n-connective 
space. There is a homotopy equivalence 

r c (M, x) ~ r c (M', x) x r c (M", x) 

r c (vxi,x) 

between the space of compactly supported sections of X over M and the quotient of the product 
T C (M',X) x T C (M",X) by the diagonal action ofT c {V xR,X). 

Proof. Since V — > M is a proper map, a compactly supported section over M can be restricted 
to obtain a compactly supported section over V. Thus, the space T C (M,X) is the total space of a 
fibration: 

T C ((M,V),X) ^T C (M,X) 



* ^r c (v,x) 

That is, the restriction map T C (M, X) — > T C (V, X) is a fibration, and the fiber over the distinguished 
section can be identified with the space of compactly supported sections over M with fixed restriction 
to V. There is a natural action of based loop space fir c (V, X) on T C ((M, V), X), and there is a 
natural map 

r c ((A/,va*)nr c (v,x) — >r c (A/,X) 

from the homotopy orbits of this action to the total space of the fibration. Since X is n-connective 
and V is (n — f )-dimensional, the space T C (V,X) is connected. Therefore the above map is a homo- 
topy equivalence, since any fibration over a connected space is equivalent to the homotopy orbits 
of the action of the based loops on the fiber: i.e., the homotopy orbits functor Mod^y (Spaces) — > 
Spacesyy from f^F-spaces to spaces over Y is an equivalence for any connected space Y. 

The space T C ((M, V), X) is homotopy equivalent to r c (MxV, X) = T C {M'UM" X) = T C {M' , X) x 
T C (M" , X). The based loop space f2 r c (V, X) is homotopy equivalent to r c (T^ x R, X), and the action 
of QT C (V,X) is likewise equivalent to the action of r c (V x R,X) on T C (M' U M",X). We thereby 
obtain that the natural map 

r c (M' U M",X) rc(VxR:X) — > T C (M,X) 
is a homotopy equivalence, proving the result. 

□ 

As a consequence, we recover the following theorem of Salvatore |Slj and Lurie |L2j ; an essentially 
equivalent result in terms of amalgamated configuration spaces is given by Segal in |Se3j . 

Corollary 4.5 (Nonabelian Poincare duality). For any X in Spaces^™, with associated Disk,^- 
algebra QgX G Disk^ -alg(Spaces), there is a natural equivalence 

[ n n B X~T c {M,X) 

J M 

between the factorization homology of a B-framed n-manifold M with coefficients in fl 7 gX and the 
space of compactly supported sections of X over M. 

Proof. We apply Theorem l3.10l Since r c (— , X) is a homology theory, it is equivalent to factorization 
homology with coefficients in r c (R n ,X), which is the n-fold loop space of the fiber of the map 

x -4- b, r c (R n , x) ~ n%x. □ 

This result specializes to Poincare duality between twisted homology and compactly supported 
cohomology. Given X ~ BTop(rt) x K (A, i) a product with an Eilenberg-MacLane space, then 
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^BTop(n)^ — Map c (R", K (A, i)) ~ K (A, i — n) is an n-disk algebra in spaces, where the multiplica- 
tion is the usual group structure on K{A 1 i — n) but is equipped with a nontrivial action of Top(n). 
We then have an equivalence 

/ Map c (R n , K(A, i)) ~ Map c (M, K(A, ij) 

JM 

which is the space level version of the equivalence H£(M, A[i — n]) ~ H*(M, A[i]), obtained by 
applying f2°° to the spectrum level equivalence given by Atiyah duality. Given an A-orientation of 
M, then one can additionally untwist the left hand side, as usual. 

Remark 4.6. The factorization homology J M fig is built from configuration spaces of disks in M with 
labels defined by B, and the preceding result thereby has roots in the configuration space models 
of mapping spaces dating to the work of Segal, May, McDuff and others in the 1970s, see [Selj . 
[M] . [Mc , and |Boj . Factorization homology is not a generalization of the classical configuration 
spaces with labels of, e.g., |Boj . as the configuration space with labels in X models a mapping space 
with target the n-fold suspension of X, rather than into X itself. Instead, factorization homology 
generalizes the configuration spaces with summable or amalgamated labels of Salvatore |S1) and 
Segal [Se3j . 

5. Commutative algebras, Lie algebras, free algebras, and Koszul duality 

Previously, we have described factorization homology for n-disk algebras in spaces, chain com- 
plexes, and spectra, when the monoidal structure is given by products, and the resulting homology 
theories give rise to twisted mapping spaces and usual homology theories. Factorization homol- 
ogy behaves very differently, and with greater sensitivity to manifold topology, when the monoidal 
structure on chain complexes or spectra is given by tensor product or smash product - this case 
is closest to the physical motivation given in the introduction, as well. We will consider this case 
in the section, focusing on some of the most common classes of n-disk algebra structures, which 
are either commutative, freely generated, or freely generated by a given Lie algebra structure. We 
begin with the commutative case. Note first that a commutative algebra in C is equivalent to a 
symmetric monoidal functor Sets '" — > C from finite sets to C, and so restriction along the functor 
7T : Diskf ->■ Sets fin defines a forgetful functor Com-alg(C®) Diskf -alg(C®). Then we have 
the following consequence of <g)-excision, where C is a presentable symmetric monoidal oo-category 
whose monoidal structure distributes over colimits: 

Corollary 5.1. The following diagram commutes: 

Mfldf x Com -alg(C®) »- Spaces x Com -alg(C®) *~ Com -alg(C®) 

forget 

Mfldf x Diskf -alg(C®) ^ C 

In particular, there is a natural equivalence 

/ A ~ M <gi A 

JM 

between the factorization homology of M with coefficients in A and the tensor of the commutative 
algebra A with the space M . 

In other words, the factorization homology J M A has a natural structure of a commutative algebra 
when A is commutative, and this commutative algebra has the universal property: there is a natural 
equivalence, Map Com (J' M A, C) ~ Map Com (yl, C) M , with the space of maps from M into the mapping 
space Map Com (A, C), for any commutative algebra C in C. 
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We now probe the above result slightly further for the two special classes of commutative algebras 
arising from the cohomology of spaces and the cohomology of Lie algebras; the study of the latter 
has benefitted greatly from conversations with Kevin Costello and Dennis Gaitsgory. 

Proposition 5.2. Let X be a nilpotent space whose first n homotopy groups are finite, \iiiX\ < oo 
for i < and let R be any commutative ring R. There is a natural equivalence 

[ C*(X,R) ~ C*(X M ,R) 

JM 

between the factorization homology of M with coefficient in the R-cohomology of X and the R- 
cohomology of the space of maps from M to X . 

Proof. The two sides are evidently equivalent in the case where M is contractible, so to establish 
the result it suffices, as usual, to check by induction over a handle decomposition of M. Given a 
decomposition M ~ N Ugk X H™- fc R™, we have a homotopy Cartesian diagram 



which gives rise to a natural map in i?-homology 

C*(X M , R) — > C*(X N , R) (g C4X M \R) 

C,(X sk x R "- k ,R) 

from the homology of the mapping mapping spaces to the cotensor product of the comodules 
C*(X N , R) and C*(X R ™, R) over the coalgebra C*(X S xR " ,R). This map is an equivalence exactly 
if the homological Eilenberg-Moore, or Rothenberg-Steenrod, spectral sequence for this homotopy 
Cartesian diagram converges. By Dwyer [D], the convergence of this Eilenberg-Moore spectral se- 
quence is assured by if the base X s xR and the fibrations in the diagram are nilpotent. However, 
the space of maps X K is nilpotent for any K if X is by [HMRS] , as are the maps since M and N 
have the homotopy types of finite CW complexes. Consequently, the natural map in i?-homology 
above is an equivalence. The remainder of this argument is checking that we have imposed sufficient 
finiteness conditions to ensure the convergence in cohomology as well as homology. Dualizing, we 
obtain an equivalence 

(C.(X N ,R) (g C*(X R ",i?)) V ^C(X M ,R). 

Since the first n homotopy groups of X are finite, therefore the mapping space M K has finitely many 
components for any n-dimensional CW complex K. Since the source spaces, M, N, S k x R n_fe , 
and R™, all have have the homotopy types of finite n-dimensional CW complexes, we obtain that 
all these mapping spaces have finitely many components. Since they are additionally finite CW 
complexes, the homology groups of the mapping spaces Hi(X K ,R) are finite rank over R, and 
therefore C*(X K , R) is its own double dual: the map C*(X K , R) C*(X K , i?) v is an equivalence. 
Likewise, there is an equivalence between the dual of tensor product and the cotensor product 

(C*(X N ,R) (g) C*(X M \R)Y ~C r (X N ,R) (g) C*(X R ",i*)~C*pf M ,i*), 

C»(XS & xK"-' e ,R) C,(X sk x' irl ~ k ,R) 

which can be seen by commuting duality with the colimit to obtain a limit of a cosimplicial object, 
then comparing termwise. Arguing further, one can then conclude the the equivalence C*(X M , R) ~ 
C*(X N ,R) ® c ,, x3 k XW n-k R) C*(X & ,R) 



This condition can be weakened if one uses factorization cohomology with coefficients in the commutative coal- 
gebra C*(X, R); see Definition l5.13l 
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Remark 5.3. See GTZ1; for a closely related approach to the study of mapping spaces, in which 
one approaches the cohomology of a mapping space as a Hochschild homology-type invariant of the 
cohomology of the target. 

The result above has an identical analogue when the cohomology of a space is instead replaced by 
the cohomology of a Lie algebra g. Before giving it, it is helpful to have here a technical comparison 
of factorization homology with different target oo-categories. 

Lemma 5.4. For G : C — > T> a symmetric monoidal functor that preserves geometric realizations, 
there is an equivalence G / ~ / G of functors Diskf -alg(C®) ->• Fun®(Mfld^,T>®). 

Proof. It suffices to check that G J A is a homology theory with values in T>, which is immediate. □ 

Proposition 5.5. For a pro-nilpotent Lie algebra g over a field k of characteristic zero, there is a 
natural equivalence J M ^-[_ le Q — ^-tie(s M )' w h ere M * s cotensor of g with the space M, i.e., g M is 
equivalent to the cohomology of M with coefficients in g, C*(M, g). 

Proof. C[ ie : Lie-alg(Mod®) op — > Modfc is a symmetric monoidal functor, sending Cartesian products 
of Lie algebras to tensor products. Less obviously, this functor also preserves geometric realizations 
when restricted to pro-nilpotent Lie algebras. That is, it sends totalizations of cosimplicial Lie 
algebras to geometric realizations of simplicial objects in Modfc; this is a consequence of defining 
an equivalence of oo-categories with pro-nilpotent commutative algebras, a theorem of Hinich for 
model categories in [H] . and the fact that geometric realizations in Com -alg(Modf) are equivalent 
to those in the underlying oo-category. Thus, we can apply Lemma IST41 and obtain the equivalence 

J M JM 

where we regard g as having a canonical commutative algebra structure with respect to coproduct, 
hence an n-disk algebra structure, in Lie -alg op , given by the diagonal map g — > g x g. Using 
the argument of Example 13.121 for the opposite oo-category of chain complexes, we can identify 
J M Q — g M as the cotensor, i.e., cohomology, which completes the proof. □ 

The reader who prefers characteristic zero may maintain this assumption; for the reader who 
prefers greater generality, consider the derived Lie operad Lie, defined as the suspension on the 
dual of the bar construction of Com, and define Lie-alg(C®) to be algebras for this operad in the oo- 
category C; see, for instance, |F1] or |Chj . where this was first effected in the model category setting. 
Let C be a stable presentable oo-category whose monoidal structure distributes over colimits. See 
also [Gwj for a discussion of the following: 

Proposition 5.6. For g a Lie algebra in C, there is a natural equivalence 

f C^(Map c (R",g)) ~CL ie (Map c (Af, fl )). 

JM 

Proof. C^ le : Lie-alg(C®) — > C is a symmetric monoidal functor, sending Cartesian product of 
Lie algebras to tensor products in C, and preserves geometric realizations, so Lemma 15.41 applies 
to give a natural commutation J M C^ le (Map c (R", g)J ~ C^ le (/ M Map c (R", g)) . The equivalence 
J Map c (K™, g) ~ Map c (M, g) now follows from the argument of nonabelian Poincare duality, only 
here we apply it in the usual abelian setting @ 

□ 

Remark 5.7. The n-disk algebra C^ le (Map c (IR™, g)) has another, perhaps more familiar, interpreta- 
tion as a type of enveloping algebra of g; see Proposition l5.16l 



'See Section 4 of IAFT| for a further discussion. 
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In [AFT] . we give the following description of factorization homology with coefficients in a free 
n-disk algebra, when the monoidal structure on C distributes over colimits. Denote by Free n (V) the 
framed n-disk algebra freely generated by V S C. 

Proposition 5.8. There is an equivalence 

Free„(y) ~ TT Conf,(M) ® V® 1 

m feu s > 

between the factorization homology of M with coefficients in Free„(y) and Conf.(Af) ®s V®' , the 
coend of the restriction of Mm to E, the category of finite sets and bijections, with V®' , the functor 
sending J V® J . 

Remark 5.9. The preceding result has as a consequence that factorization homology is not a homo- 
topy invariant of a closed n-manifold, since the homotopy type of configuration spaces is known to 
be sensitive to simple homotopy equivalence by }LS| . 



From Proposition 15.81 and some reasoning on stable splittings of configuration spaces, one can 
deduce the following. For the previous proposition, we required the monoidal structure of C to 
distribute over colimits; for convenience, we next assume C is stable in addition. 

Proposition 5.10. For any V 6 C and any nonnegative integer m < n, there is an equivalence 

Free„(F) ~ Free„(F) <g> Free„_ m (V[m]). 



/ 



Proof. Both sides split as coproducts in homogenous terms V® k , so it suffices to show that the 
coefficients of these terms are degreewise equivalent. First, we show the case of V = E°°X a 
suspension spectrum a pointed connected space X. There is then an equivalence 

/ n n T, n X ~ (Q™- m S™X) sm ~ VL n Y, n X x ff l - m £"Jf 

is m x«""'» 

where the first equivalence is by nonabelian Poincare duality and the second is by the splitting of 
the fiber sequence Map, (K, G) — > G K — > G as the product of based maps times constant maps 
Map^i^T, G) x G whenever G is a groupQ Passing to the suspension spectrum on either side begets 
the further equivalence 

JT Conf fc (,S* m x R n - rn ) ® ~ (jj Conf 4 (M") g> z°°x® 1 ) ® (]J Conf^R"-™) ® E°°X[m]® j ) 

k i j 

where for the left hand side we use Proposition 15.101 Collecting coefficients of terms which are 
homogenous in X determines a E^-equi variant stable homotopy equivalence between 

Conf fc (S m x R n - m ) ~ Y[ x s r Confi(M"))®(E fe x Conf i (R n - fn )[mj; 

i+j—k 



where — is induction from E^-spectra to Efc-spectra. This equivalence in homogenous co- 

efficients thus determines the equivalence for general V, not just for the suspension spectrum of a 
space. 

□ 

The calculations to this point allow the following interesting calculation for the bar construction 
on a free n-disk algebra. Again, let C be a stable presentable symmetric monoidal oo-category whose 
monoidal structure distributes over colimits. 



This is the single step in the argument at which it is necessary for m to be strictly less than n. 
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Proposition 5.11. For any V 6 C, there is an equivalence 



BFree n (V) ~ Fne n -i(V[l]) 

between the bar construction on the free n-disk algebra on V and the free (n—l)-disk algebra generated 
by the suspension of V . 

Proof. By ©-excision for factorization homology of manifolds with boundary from [AFT) . there is 
an equivalence BA ~ J D1 (A, lc) between the bar construction of an augmented n-disk algebra A 
and the factorization of the closed 1-disk with coefficients in (A, lc), using the decomposition of the 
closed 1-disk as [0, 1] = [0, 1) U( .i) (0, 1] to write Jj ^ A ~ lc ©a lc = BA. Again using ©-excision, 
we have 

(Ale) - / (A,l c ) - [ A ® l c 
[o,i] A S V) "'•S' 1 



A 

substituting A = Free n (V) and applying Proposition 15.81 then gives the further equivalences 
~ (free n (V) ® Free„_ 1 (F[l])) (g) l c ~ Free„_i(y[l]) 

Free„(V) 

which gives the final equivalence B Free„(i3) ~ Free„_i(V[l]). □ 

Remark 5.12. In |F2) . it was proven that B" Free n (V) ~ lc © V[n], the free 0-disk algebra on the 
nth suspension of V, which can be seen as the result of the previous proposition applied n times. 
Proposition 15 . 1 ll is well known in the case of n = 1, that the bar construction for the tensor algebra 
on V is lc © V[V\. It is also entirely to be expected from the example of n-fold loop space, since for 
a connected pointed space X, we have BFree„(X) ~ BSTY^X ~ VL^Y^X ~ Free„_i(£X). The 
limiting statement as n tends to oo gives the well-known equivalence BSym(V) ~ Sym(V[l]). The 
proof above requires C to be stable, but the statement should be true with only the requirement 
that the monoidal structure distributes over colimits, and we invite the interested reader to prove 
it in this generality. 

In the remainder of this section, we will explore the meaning of an interesting coincidence between 
several of the previous factorization homology calculations - an in depth treatment will appear in 
|AFj . Given a closed n-manifold M, a pointed n-connective space X, and a nilpotent Lie algebra g, 
then we have a pair of equivalences: 



/ C*X ~ ( 


'J c*ft n x) 


hi 





/ C^M-if Ct ie (Map c (M», )) 



1 M J M 

Koszul duality for n-disk algebras provides an explanation for these seeming coincidences. The 
general theory of Koszul duality for algebras over an operad, |GiK) . is especially interesting in 
the case of Disk^-algebras, due to the fact that Disk^-algebras are Koszul self-dual, up to a shift: 
that is, the desuspended tangent space T e A[l — n] of an augmented Disk^-algebra, e : A — > fc, 
has the structure of a nonunital Disk^-algebra. See [H] or |F2j . However, it is simpler not to 
invoke the general theory of Koszul duality in order to discuss this duality for n-disk algebras due 
to a simplification offered by factorization homology: that is, Koszul duality for n-disk algebras 
is implemented by taking the factorization homology of the closed n-disk D n . Considering an 
augmented _B-framed n-disk algebra as a Disk n ' -algebra, the factorization homology of the closed 
n-disk D n defines a functor 

f Dn : Diskf -alg a,Jg (C®) ^ Diskf -coalg ajg (C®) . 
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The struct of a coalgebra on J Dn A is given by an extension-by-zero map, exactly generalizing the 
n-disk coalgebra structure on the pointed n-sphere (S 1 ™,*) in Spaces^, which will be discussed in 
detail in [AT] . 

We also have a notion of factorization cohomology with coefficients in an n-disk coalgebra. 

Definition 5.13. For C S Disk^ -coalg(C®) and M a .B-framed n-manifolds, the factorization 
cohomology J C : Mfld^-° p -)■ C with coefficients in C is the end J M C ;= C ® E M . 

Or, equivalently, one can identify Disk^ -coalg(C®) ~ Disk„ -alg(C° p, ®) op and then apply the coend 
definition from Definition 13.31 For the following result, let C be a stable presentable oo-category 
whose symmetric monoidal structure distributes over colimits; this is a special case of a more general 
duality for factorization homology of singular and stratified manifolds, to appear in jAFj . 

Theorem 5.14. For A an augmented Disk^ -algebra in C and M a closed B-framed (n—k) -manifold, 
there is a natural equivalence of Disk£ -coalgebras 

c- c- c-Mv.R h c- 

/ / A, A. 

JD k JMxR k J JD" 

In particular, for M a closed B-framed n-manifold, there is a natural equivalence J M A ~ J M f Dn A 
of objects of C. 

Remark 5.f 5. This result has an interpretation in topological field theory. Denote by B fc the duality 
for Disk^-algebras, namely the dual of the factorization homology, B) k A := {J Dk A) y . Then, up to 
completion, the preceding theorem implies that there is an equivalence 

B k [ A ~ [ B n A 

JMxR k JMxR k 

and in particular there is an equivalence (J M A) v ~ J M W l A for M a closed n-manifold. That is, 
for A and V) n A Koszul dual n-disk algebras (so that D ra D n A ~ A), the topological field theories J A 
and JJ} n A are likewise dual; i.e., the objects A and H) n A are dual as objects of Alg„(C®) in the 
sense of the cobordism hypothesis of |L3) . 

We can now apply this result to give an explanation, and another proof, of the seemingly coinci- 
dental equivalences. First, we have equivalences J„ n C^ le (Map c (IR" , g)J ~ C^ le (g) and /„„ C*£l n X ~ 
C*X, given by applying Lemma 15.41 to interchange factorization homology J M and C» and then 
applying Poincare duality for manifolds with boundary from [AFT . Applying Theorem 15.141 now 
reproduces these two results. 

The following diagram describes the relation of Koszul duality for n-disk algebras with the stan- 
dard duality between Lie and commutative algebras. Here, U„ is the n-disk enveloping algebra func- 
tor, which specializes for n = 1 to the associative enveloping algebra. See |FG] for a construction 
of U rl , where we consider the corresponding enveloping algebra from Lie algebras to factorization 
algebras; the final step to obtaining an n-disk algebra is the equivalence between Disk^ -alg and 
locally constant factorization algebras on R™, proved by Lurie in |L2j . 

Com-alg^C®) ^ Lie-coalg(C®) 

u„ 

Disk£-alg aug (C®) Disk^-coalg aug (C®) 



Lie-alg(C®) ^ Com-coalg aug (C®) 

The n-disk algebra C^ le (Map c (R", g)) has an interesting separate interpretation: 
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Theorem 5.16. There is an equivalence of Disk^-algebras U„g ~ C^ e (Map c (R™, g)) . 

Proof. Recall that n-disk algebras in C form a full co-category of C- valued symmetric monoidal func- 
tors on n-manifolds, Theorem 13.101 Thus, to show the equivalence U„g ~ C* le (Map c (K n , g)) as n- 
disk algebras, it suffices to show the equivalence of the objects of C, J M U„g ~ J M C^ le (Map c (R n , g)) , 
naturally in M. The calculation 

f U„g~Ct ie (Map c (M,g)) 

JM 

is Corollary 6.4.4 of |FGj . applied in the topological context. □ 

Remark 5.17. In characteristic zero, the equivalence U n g ~ C* le (Map c (R™, g)) can be deduced even 
more directly: there are equivalences U n g ~ Sym(g[l — n]) ~ C^ le (Map c (R™, g)) . The left hand 
equivalence follows from the Poincare-Birkhoff-Witt filtration of U„g from |FGj ; the right hand 
equivalence follows from the fact that Map c (R™, g) ~ q[— n] is an abelian Lie algebra in characteristic 
zero. 

We now conclude this section with several applications of this point of view, of mixing duality 
n-disk algebras with factorization homology, the statements of which do not involve factorizaiton 
homology. Firstly, Theorem 15.161 now relates two ways of calculating factorization homology with 
coefficients in a free Disk^-algebra, in terms of configuration spaces (Proposition 15.8] ) and in terms 
of Lie algebra homology (Proposition 15. 6[) . Thus, we obtain the following splitting result: 

Proposition 5.18. For M a framed n-manif old, there is an equivalence 

C!; ie (Map c (M, FreeLie(V))) a ]J Conf 4 (M) g> V[l - nf l 

Remark 5.19. Note that Free n (V) has a Disk n -algebra refinement in which the group Top(n) acts 
trivially - this is the Disk„-algebra structure used in Proposition 15.81 Likewise, C^ le (Map c (M™, g)) 
has a natural Disk„-algebra with a nontrivial Top(n) - this is the Disk„-algebra structure used 
in Proposition 15.61 These two Disk„-algebra structures are not equivalent. Thus, factorization 
homology with coefficients in these two algebras only necessarily agree on framed n-manifolds, and 
the equivalence above need not hold when the tangent bundle of M is nontrivial. 

This has the following corollary. 

Corollary 5.20. There is a contravariant functor d{F n : Spaces° p — > Spectra s . making the following 
diagram commute: 

f _ E™ Confi 

Mfld„ ! Spectra Ei 




Spaces° p 

In particular, the Y^i-equivariant spectrum Confi(Af) is a proper homotopy invariant of a paral- 
lelizable topological n-manif old M . 

Proof. The bifunctor F n is the composite 

F n : Spectra x Spaces° p s- Lie-alg(Spectra) x Spaces° p s- Lie-alg(Spectra) >■ Spectra 

where the first functor is given by taking the free Lie algebra on the (n — l)-fold suspension of a 
spectrum; the middle functor is given by the cotensor (g,X) — -» g x ; the right functor is Lie algebra 
homology: F n (V,X) = C^ e (Free Ue (V[n - 1}) X ) . Restating Proposition EHB there is an equivalence 

/ Free n (V) ~ F n (V[n - I], M+) 

JM 
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where M + is the 1-point compactification of M. Thus, there is an equivalence of Goodwillie 
derivatives, di(J M Free n ) ~ diF n {— ,M + ). The i-th Goodwillie derivative of J M Free„ is exactly 
EJ° Confj(M), see Proposition 16.51 so the result follows. □ 

The requirement above that the tangent bundle be trivial is a largely unnecessary restriction, and 
we will improve on this result in future work. In particular, variants of Corollary 15. II and Theorem 
15.141 combine to have the following appealing consequence, to appear in |AF| : 

Theorem 5.21. For a closed topological n-manifold M and for all i, the T^-equivariant spectrum 
SJ° Confi(M) is a homotopy invariant of M. 

This generalizes a result due to Aouina & Klein in [AKj , who also credit an unpublished result of 
Fred Cohen & Larry Taylor; Aouina & Klein prove the homotopy invariance of E°° Conf,;, without 
the E^-equivariance, for closed n-manifolds which admit a piecewise linear structure. 

The duality result above also finds application in pure algebra. The following generalizes a 
theorem of Feigin & Tsygan from [FT] in characteristic zero; see [GK for a very similar result in 
the cyclic context. 

Theorem 5.22. Let g be a Lie algebra over a connective commutative ring k. Assume further that 
either k is concentrated in degree zero and that for all i the groups H^ le g are finite rank and nonzero 
in either only nonpositive or only nonnegative degrees, or that the map ((C*g)® 1 ) — > (C»g)®' is an 
equivalence for all finite i. Then there is an equivalence 

HH.(Ufl) ~ HH»(C*g) v 

between the Hochschild homology of the enveloping algebra of g and the dual of the Hochschild 
homology of its Lie algebra cohomology. 

Proof. Using the equivalence between factorization homology of S 1 and Hochschild homology in 

the case n = 1, we apply Theorem 15.141 to obtain the equivalence / gl Ug ~ J f Dl Ug ~ J C^' e g 
between the factorization homology of the enveloping algebra of a Lie algebra and the factorization 
cohomology of the Lie algebra homology. Using the condition that, in particular, C*' e g ~ (Cjj e g) v , 

we can further present the equivalence J CJ; le g ~ (J sl CL ie g) v , using that the dual of the colimit 
of a diagram is the limit of the dual of the diagram. □ 



6. Calculi of functors and spectral sequences 

There are several filtrations and spectral sequences for factorization homology that should have 
both conceptual and computational value, and we describe two of them here - details will appear 
elsewhere. For an n-manifold M and an n-disk algebra A, the factorization homology J M A comes 
equipped with two natural filtrations. Firstly, there is a filtration coming from the manifold variable, 
arising from the filtration of Disk ra by the number of components - the resulting filtration on J M A 
exactly lies in a covariant generalization of the Goodwillie- Weiss manifold calculus applied to the 
functor J A. Secondly, there is the filtration in the algebra variable by degree of nilpotence - the 
resulting cofiltration of J M A is exactly that of Goodwillie calculus tower of the functor J M at A. 

Definition 6.1. (Disk n )<j C Disk n forms the full oo-subcategory of disjoint unions of Euclidean 
spaces with less than i + 1 components. For an n-disk algebra A and manifold M, then 

(/ A) :=E M ® A 

\JM ' <i (Disk„)<, 

is the coend of the restriction of Em and A to (Disk„)<i. 

There are natural maps ( J M A)< j; — > ( J M A)<j +1 and an equivalence lim( f M A)<^ ~ j M A. 
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Proposition 6.2. The filtration (J M A)<j has associated graded 



A 



M ' VM 



a a 



Conf i(M)/d <g> A 8i 



Here Confj(M) is the closure of the complement of an open neighborhood of the fat diagonal 
Af at M C M\ I.e., Confi(A/) is a manifold with boundary equivalent to a sphere bundle on Af at M, 
and the Ej action extends to the boundary. If M is realized as the interior of a compact manifold 
M, then Conf,(M)/<9 is equivalent to the 1-point compactification of Conf i (M). 

Corollary 6.3. There is a homologically graded spectral sequence with E^ = H p (Conf q (M) / 'd ®-£ q 
^4® 9 ) converging to H p+9 J M A. 

Remark 6.4. The E 2 term of this spectral sequence admits a description as a derived functor of 

H»Em (^H.Disk^ H*A 

The Goodwillie calculus of functors is more cleanly suited to the setting of pointed categories, 
where the initial and final objects are equivalent, and we may switch with ease to this context 
because the value J M A does not depend on the unit of A. That is, we can replace Disk„ by Disk™, 
excluding the empty manifold, and there is a natural equivalence Em ®Disk„ A ~ Em £S>Disk nu A, which 
is a consequence of the cofinality of the inclusion Disk" u — > Disk„. 

Proposition 6.5. For A a nonunital Disk^ -algebra in C, a stable compactly generated oo-category 
with a symmetric monoidal structure that distributes over colimits, then the following is a fiber 
sequence 

Emb B (]J i R", M) ® LA® 1 ^ Pi A 

s i JM 



^Pi-x / A 

JM 

where is Goodwillie 's k-th polynomial approximation |Go] applied to the functor J M , and the 
cotangent space LA of A is the stabilization LA := lim(S- ? A)[— j']. In particular, the Goodwillie 
derivative di J M is equivalent to Emb s (]j,- R™, M). 

Corollary 6.6. There is a descending spectral sequence with E^ q given by H p (Emb s (]J 9 R", M)®^ q 
LA® q ) and converging conditionally to a completion of J M A. 

Remark 6.7. This spectral sequence has the advantage over the first that the E 1 term is a better 
approximation to the factorization homology J M A; it has the disadvantage that convergence is not 
assured, in part because the convergence of the Goodwillie tower is tied to the pronilpotcnce of the 
algebra A. 

Remark 6.8. Further techniques and spectral sequence are available in the case of characteristic 
zero, in part related to the formality of the n-disks operad of |Ko) . [T] . and [LVj ; for instance, there 
is a commutative-to-noncommutative spectral sequence which takes as input M ® Y\*A, the tensor 
of the homology of A, regarded as a commutative algebra, with the space M, and converging to 
H* J M A. This will be of use in work with Costello in |CF| . where we study quantum invariants in 
low-dimensional topology from the point of view of factorization homology. 
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